Abstract. We use a power series expansion method to get an analytic approximation value for the quanto option price under the Hull and White stochastic volatility model, which turns out to be accurate enough by comparing with the simulation prices using Monte Carlo method.
Introduction
A quanto is a type of financial derivative whose pay-out currency differs from the natural denomination of its underlying financial variable. Its main purpose is to provide exposure to a foreign asset without taking the corresponding exchange rate risk. A quanto option is a foreign currency stock option whose payoff is converted into a domestic currency at maturity at a predetermined foreign exchange rate. The profit of quanto option is worked out a particular currency, but the pay-out of the quanto option is made by cash settlement of fixed exchange rate for another currency.
Stochastic volatility models are frequently used in pricing various kinds of European options. The most famous and popular stochastic volatility models include the Hull and White [6] , the Stein and Stein [7] , the Heston [5] ones. Their main purpose is to resolve a shortcoming that the Black-Scholes' constant volatility model which cannot explain long-observed features of the implied volatility surface such as volatility smiles and skews. For that reason, in valuing a quanto option it is natural to consider a stochastic volatility model.
Despite its importance, very little research has been done on pricing a quanto option using a stochastic volatility model primarily due to the sophisticated stochastic process for underlying assets and volatilities as well as the difficulty of finding analytic form of a quanto option price.
To mention some of the related previous work, Ball and Roma [4] examined alternative methods for pricing options when the underlying security volatility is stochastic.
Alós [1] used Malliavin Calculus to construct option pricing approximation formulas under the Hull and White stochastic volatility model. Antonelli and Scarlatti [2] developed the methods of Alós to find a new approach for solving the pricing equations of European call options under stochastic volatility models by expressing the price in terms of a power series of the correlation parameter between the processes driving the dynamics of the price and of the volatility.
And then more recently, Antonelli, Ramponi and Scarlatti [3] adapted the methods of expanding and approximating the theoretical evaluation formula with respect to correlation parameters by Antonelli and Scarlatti [2] to find a new and analytic method valuating exchange options with random volatilities, which gave a strong motivation to our research. This paper, we use the methods used in [1] , [2] and [3] to find a series expansion formula to approximate the quanto option value with Hull and White stochastic volatility model. The methods used in [1] and [2] find series expansions of general option and exchange option with stochastic volatility models. We derived a series expansion pricing formula of quanto option using Hull and White stochastic volatility model with non-zero correlation. Then, we show that this is a good approximation by comparing our results with Monte Carlo simulation method.
We introduce some preliminary materials on Hull and White stochastic volatility model in Section 2. Then, in Section 3, we find an approximate value of the quanto option price by way of a PDE and a correlation expansion method. Theorem 3.3 is the main result of the paper. In Section 4, we show that simulation results using Monte Carlo method are close to our analytic approximation in both zero correlation and non-zero correlation cases.
Preliminaries

Hull and White stochastic volatility model
Assume that S t is a stock price, √ u t is a volatility of the stock price and B t and Z t are standard Brownian motions. In risk-neutral world, using the Hull and White stochastic volatility model, we have
where r is a riskless interest rate and µ and ξ are constants. Put σ t = √ u t and applying Itô formula gives
We may rewrite the equation (1) as
Quanto option with stochastic volatility
Let [0, T ] be a time interval, and let (Ω, F , P) be a complete probability space on which standard Brownian motions W t , Z t , B t andB t are defined. Applying the modified Hull and White stochastic volatility model (2) to stock and foreign exchange rate dynamics. Let S t be a stock price in foreign currency and F t be a foreign exchange rate which is an amount of domestic currency value per one foreign currency value. For some constants µ S , µ F , η 1 , η 2 , ξ 1 , ξ 2 , we can obtain the following equations.
Here, for some constant correlations ρ, ν and β, the followings hold
where W t ,W t ,W t ,Ŵ t are mutually independent standard Brownian motions. And the payoff of the quanto option at maturity time T is
where F 0 is a predetermined foreign exchange rate, S T is a foreign stock price at maturity T and K is a strike price in foreign currency.
Qunato adjusted stock price dynamics
In risk-neutral world, the foreign exchange dynamics for domestic currency with stochastic volatility σ t has a form as follows
where, r d is a riskless domestic interest rate and r f is a riskless foreign interest rate. In real world, let v t be a volatility then by Itô lemma
From the above equation, in risk-neutral world for domestic currency
On the other hand, in domestic currency
In risk-neutral world, using equations (6) and (7), we can find stock price dynamics in domestic currency as follows
Preliminary lemmas
The well-known Duhamel's principle and the classical Feynman Kaĉ formula play important roles in the paper. Using the Feynman Kaĉ formula, we get the main PDE. After transforming inhomogeneous equations to the integral of homogeneous equations by Duhamel's principal, we can apply the Feynman Kaĉ formula again to the homogeneous equations to get the integral of expectation of random variables. Now, we introduce the Duhamel's principle and the Feynman Kaĉ formula. 
Lemma 2.2 (Feynman Kaĉ formula I).
Suppose that f has a continuous derivative of order 2 and q has a continuous derivative of order 1 on R n . Assume that q is lower bounded. Put
where Y t is the n-dimensional Itô diffusion of the following form
where
The following lemma is the converse version of Lemma 2.2.
Lemma 2.3 (Feynman Kaĉ formula II).
Suppose that f has a continuous derivative of order 2 and q has a continuous derivative of order 1 on R n . Assume that c(t, y) is bounded on [0, T ] × R n , q is lower bounded and equations (10) and (11) hold then the solution can be written as an expectation
where Y t is the n-dimensional Itô diffusion of the form (9).
Quanto option value by correlation expansion
PDE for option price
Next we find a PDE for quanto option price c(t, x, v, σ, ρ, β, ν) in foreign currency with terminal condition. In general, when we value a quanto option price in domestic currency associated with the payoff equation (5), after calculating the option price in foreign currency, we multiply the predetermined foreign exchange rate F 0 to the foreign currency option price. For easy calculating, the option price c(t, x, v, σ, ρ, β, ν) is just calculated in foreign currency value. Or, we regard the predetermined foreign exchange rate as being fixed by 1. Later, we will multiply the foreign exchange rate to the option price in foreign currency in order to obtain the option price in domestic currency that we want. We get the PDE by applying the Feynman Kaĉ formula directly. (4), the European quanto call option price c(t, x, v, σ, ρ, β, ν) with maturity T and strike price K in foreign currency satisfies the following partial differential equation.
Proof. We use the stock price dynamics (8) with the Hull and White stochastic volatility model and put X t = ln S t , we can find following SDEs
The payoff of the option in foreign currency is
In the absence of arbitrage opportunities, the option price c(t, x, v, σ, ρ, β, ν) at initial time t is
Applying the Feynman Kaĉ formula (Lemma 2.2) to the above equation and using equations (13)- (15), we can find following equations directly
We want to calculate power series expansion formula of quanto option price function c(t, x, v, σ, ρ, β, ν). From PDE (12) we can find the PDEs which are derivatives for each correlations ρ, β, ν.
Taylor series expansion
Let [0, T ] be a finite time interval. For t, s ∈ [0, T ], t is initial time and less than or equal to s. From (13), integral form of X s is
Let F s be a filtration which is generated by the volatilities v u and σ u (t ≤ u ≤ s) then the distribution of X s conditionally on F s is, for a normal distribution N ,
where M s is denoted by the martingale s t v u dW u and
is its quadratic variation. A simple modification of the Black-Scholes formula gives explicitly the value of a quanto call option. Since the underlying asset price S t is lognormally distributed conditionally on F t . Let Q BS be a Black-Scholes quanto option price formula in foreign currency. As we mentioned earlier, the option price that we calculate is not for domestic currency but for foreign currency. And the stock price dynamics for valuing option price is quanto adjusted. Therefore, for the strike price K > 0, we have
where N (·) is the standard normal distribution function and
Moreover, if ρ = 0, then since
We may write
On the other hand, the equation (12) can be separated by following differential operators
∂x∂v ,
∂x∂σ .
Then we can rewrite (12) in the following way
Consider the following first order Taylor series approximation
Put
then we can rewrite approximation (18) as follows
By differentiating the equation (17) and for (ρ, ν, β) = (0, 0, 0), we can get the following PDE problems for x ∈ R, y, z > 0 and t ∈ [0, T ]. Since the terminal condition of ψ 1 (t, x, v, σ) is zero, the PDE for ψ 1 (t, x, v, σ) does not exist. Actually, the correlation between the foreign exchange rate and its volatility β does not affect to the stock price dynamics. Thus we exclude the series expansion for the correlation β. We just find the solutions for the following equations.
We can find the solution c 0 directly from Black-Scholes option pricing formula. To solve inhomogeneous equations (20) and (21) we use Duhamel's principle which is a tool for finding solutions of inhomogeneous equation. Using Duhamel's principle we can represent the inhomogeneous equation as the integral of homogeneous equations.
Proposition 3.2. Let c(t, x, v, σ, ρ, β, ν) be a quanto option price at initial time t. Then the first order Taylor series expansion is
Proof. We can find directly c 0 (t, x, v, σ) from c(t, x, v, σ, 0, 0, 0). We want to find the solution of the equation (20),
Since the above equation is the inhomogeneous PDE, by the Duhamel's principle (Lemma 2.1), we know that Using the Feynman Kaĉ formula, we can transform a PDE to an expectation of random variables. Applying the Feynman Kaĉ formula (Lemma 2.3) to the equation (23), we get the following expectation formula
The internal expectation is actually conditioned by general filtration up to time s. From equation (16),
we can compute c 1 as follows
Similarly applying the Duhamel's principle to equation (21)
where t ∈ [0, s), x ∈ R, v, σ > 0 and q 1 (t, x, v, σ; s) is a solution of
Then by the Feynman-Kaĉ formula (Lemma 2.3)
we can calculate the partial derivative of c 0 (t, x, v, σ) for v as follows
Therefore,
but we take an expectation of random variable X s instead of solving the expectation as follow E e Xs+r f (T −s) = e x+r f (T −t) .
Otherwise we cannot figure out the expectation problem. Thus we rewrite c 1 and φ 1 like follows
where, for t ≤ u ≤ Td
In the equation (26), we have to calculate the integral of N (d 1 ) but N (·) is an integral form itself. It is difficult to handle this formula, so we can choose an adjustment factor α which is approximate the integral of
Therefore, for some α ≥ 0
In the risk-netral world and the uncorrelated case (ν = 0 and β = 0) with X t = ln S t , we have
Hence, the volatilities are
This leads to the following approximations
If we apply the above equation to (26) and (27) then we can find the followings
Numerical examples
Now we can find the approximated value of the quanto option price by using the formula in Theorem 3.3. Using the main theorem, we choose the half value of the time to maturity as the adjustment factor α. We compare the result between the approximation value and the Monte Carlo simulation value. We suppose that there is a quanto European call option of S&P500 index with strike 1,200 and maturity date 13-Jun-2011. The information of the quanto option is showed in Table 1 . The model parameters are set to Table 2 . The data are viewed at 2010-10-13. The number of the sample data which are used in making the constant volatilities and correlations is 250 from the view date. The volatilities and correlations are calculated by the moving average method which is the same as computing the standard deviation of historical market data. We use the USD riskless rate as 1 year USD LIBOR and the KRW riskless rate as 1 year KRW treasury bond rate at the view date. The Monte Carlo estimates of the price were obtained by simulating 250,000 paths with 1,000 time-grid points on the interval [0, T ]. From the Table 3 to  the Table 7 , the upper value is from our approximation formula, the lower value is from Monte Carlo simulation method and the right side of each entry percent point is a ratio between the approximation value and the simulation value. In the Table 3 that is the first example, we fix all the correlations zero (ρ = ν = 0) and move the time to maturity and the strike value. In the Table  4 , time to maturity is 1 and correlation ν is 0. We move the correlation ρ and the strike price. In the Table 5, 6 , and 7, we fix the correlation between stock and stock volatility ν = −0.55 and move the correlation ρ and the strike price K. The prices of our approximation method and the Monte Carlo method are calculated in domestic currency. In our approximation method, we first calculate the option price c(t, x, v, σ, ρ, β, ν) in foreign currency then we multiply the predetermined exchange rate to the price. From the result tables, the difference ratio between our series expansion formula result and the Monte Carlo simulation result is less then 1.3%. This results show that our series expansion formula value is very close to the expected present value of the quanto option payoff. Monte Carlo simulation method is common used in pricing or calculating financial product which is not known its closed form formula. But this method is too much computation time needed for obtaining accurate pricing value. In calculating the quanto option value with the Hull and White stochastic volatility model, the correlation expansion method is a nice alternative to the Monte Carlo simulation method.
